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ABSTRACT

It has recently been shown that hadrons containing a single heavy quark exhibit a
new flavor-spin symmetry of QCD. We exploit this symmetry to obtain model independent
predictions for the fourteen form factors in weak decays from the ground state pseudoscalar
meson Pg, of a heavy quark Q; to the low-lying positive parity excited states of a heavy
quark ¢); in terms of two universal functions of momentum transfer. These predictions
are of interest in the study of B -~ D}(2460), D;(~ 2460), D;(2420), and D}(~ 2420)
semileptonic decays. We also discuss the connection between these results and the slope of
the function ¢ (which determines the B — D and B — D* transition form factors) given
by a heavy quark sum rule suggested by Bjorken.
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I. Introduction

The properties of hadrons containing a single heavy quark Q (mgq >> Agcp) along
with light degrees of freedom are constrained by symmetries which are not manifest in
QCDY). The first of these is a flavor symmetry which arises from the fact that the long
wavelength properties of the light degrees of freedom in such a hadron become independent
of mg for mg >> Agep- Thus, for example, the B and D mesons can be related by an
(approximate) b « ¢ SU(2) symmetry even though m; and m, are very different. The
second symmetry pointed out in Refs. (1) is a related spacetime symmetry which arises
in QCD because the spin of a heavy quark decouples from the gluon field 2), This makes
§Q, the heavy quark spin operator, the generator of another SU(2) group of symmetries
applicable to mesons containing a single heavy quark. Thus, for example, the light degrees
of freedom in the B and B* mesons are in (approximately) the same state since the spin
orientation of the b-quark does not affect their dynamics. These symmetries are manifest
in an effective theory where the heavy quark acts, in its hadron’s rest frame, like a spatially
static triplet sorce of color field. In the effective theory the heavy quark’s couplings to the
gluon degrees of freedom are independent of its mass and spin and described by a Wilson
line®).

The consequences of these symmetries for the weak decays of B and D mesons were
worked out in Refs. (1). The existence of conservation laws associated with the symmetries
allows one to make absolutely normalized predictions for all b — ¢ weak form factors
between ground state pseudoscalar (P) and vector (V) mesons at “zero recoil” (where,
in the rest frame of the initial hadron, the final hadron is at rest). The symmetries also
give relations between the P ~+ P and P — V weak form factors. In addition, the flavor
syminetry relates'?), for example, B — X, and D — X, weak transition form factors (X,
and X4 are particular light hadron final states related by isospin which occur due to the
b — u and ¢ — d weak transitions). These latter relations may be crucial in the reliable
extraction of the Cabibbo-Kobayashi-Maskawa®) matrix element V,;, from experimental
data.

In the first of the Refs. (1) we applied these symmetries for static quarks, where a
Q: — Q; transition simply substituted one static heavy quark for another. (See also Ref.
(6), where the manifest symmetry which exists when mq, >~ mq, was applied.) In the
second of Refs. (1) we exploited a powerful extension of this method which makes use of
the fact that (in the effective theory) when @Q; at velocity ¥’ makes a weak transition into
Q; at velocity ¢, the amplitude for the light degrees of freedom to make any associated
transition is independent of mg, and mg; if they are sufficiently large. The light degrees
of freedom interact only with the (moving) color fields of Q; and ; which depend only on
the Lorentz boosts required of the mass-independent rest frame color fields. In the effective
theory the mass of the heavy quark is taken to infinity in such a way that p%/'mq is held
fixed, but the four-momentum of the light degrees of freedom are neglected compared with
mgq. In this limit the interactions of the gluons with the heavy quark don’t alter its straight
worldline and are independent of its mass and spin. The interactions of the light degrees
of freedom with the heavy quark do, of course, depend on the heavy quark’s four-velocity
v#. The resulling symmetries are therefore somewhat unusual in that they relate states
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of equal velocity but different mass, and therefore different momentum. For the matrix
elements of weak currents in the effective theory

V;’," =Q;7.Qi (la)
Al =QmysQi (1%)

changes in the heavy quark velocity and spin occur only due to the actions of the currents.
In a typical transition, H;(¥ = 0) — H;(v") (where H, is the hadron containing the single
heavy quark Q) the form factors will therefore be determined by the product of the
amplitude for the heavy quarks to make the transition Qi(¢v' = 0) — Q;(#") and for the
light quarks to be “excited” by the transition from the hadron H; at rest into the hadron
H; moving with velocity ".

To apply these symmetries we must know the relationship between the weak currents
in the complete theory

VI = Q;7.Q (2a)

Al = Q715 Q: (25)

and those in the effective theory [Eqns. (1)]. This relationship has the form (for J, =V,
or 4,,and J, =V, or A,)

Jit=Cudt 4 (3)

where the ellipsis denotes other possible Lorentz structures which are suppressed by factors
of a,(mg)/m as well as higher dimension operators whose physical effects are suppressed
by powers of Agcp/m¢. In the leading logarithmic approximation”®).

Ci(w) = [MTI [M]% (4)

a,(mg; ) o,(p)

where, for the b — ¢ transition,

ar = —-2% (50.)
and 8fwr(w) — 1]
wriw —
=T (55)
with

r{w) = \/;u—z;—_lln (w + Vw? — 1) , | (6)

where w is the dot product of the four-velocity of @;,v#, with the four-velocity of @;,v"".
This velocity-dependent contribution (which was missed in Refs. (1)) was calculated in
Ref. (8). For v' = v (i.e.,w = 1) the currents are not renormalized in the effective theory
(r(1) = 1) and their matrix elements are independent of the subtraction point g. This
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occurs because the quantity Q;70Q: (for v' = v) is related to a generator for the SU(2)
flavor symmetry in the effective theory, and so its matrix element is a physical quantity.

In addition to Ref. (8), there have been several other recent improvements on the work
of Refs. (1). In Ref. (9) a power counting argument was given to prove (in a particular
case) that, to all orders in perturbation theory, matrix elements in the complete theory
factorize into a coefficient function (i.e., C;;} times a matrix element in the effective theory
where the heavy quark couples as a Wilson line. Also, in Ref. (10) (see also Ref. (11)), it
was shown how the effective theory can be written as a Lorentz invariant field theory with
a superselection rule for the velocity of the heavy quark. The extension of the analysis
of semileptonic B decays to multiparticle hadronic final states (and to inclusive decays)
was made in Ref. (12). See also Ref. (13) for a discussion of inclusive heavy quark decay.
In Ref. (14) it is shown how the number of independent functions required to describe a
given set of matrix elements may easily be counted using conservation of helicity of the
light degrees of freedom.

There have also been several recent applications of the heavy quark symmetry to new
processes, including heavy baryon semileptonic decay 15} weak hadronic decays of the
type B — DD, DD*, D*D,, D*D; 16), and eTe~ annihilation into exclusive channels
like DD, DD* 4+ D*D, and D*D* 7,

In this paper we will apply the heavy quark symmetry to decays of a ground state
pseudoscalar meson Pg, of a heavy quark @; to the positive parity states expected to
constitute the first excited states above the degenerate pseudoscalar Pg; and vector Vg,
ground states of the heavy quark Q;. Such predictions are of some interest in their own
right as they are expected'®) (and possibly observed'®)) to be produced in a significant
fraction of B decays. However, they are also interesting because a heavy quark sum rule
suggested by Bjorken in Ref. (12) can be used to relate the rate for such processes to the
slope of the universal function!) £(w) controlling B — D and D* semileptonic decays.

2. Positive Parity Excited States

In the heavy quark limit .S_"Q and S, = §— §Q (the spin of the light degrees of freedom)
are separately conserved by the strong interaction, so mesons containing a single heavy
quark Q can be simultaneously assigned the quantum members sg,mg, 3¢, and m,. Since
the dynamics depend only on s¢, the mesons will appear in degenerate multiplets of the
total spins s that can be formed from sg and s,. It is accordingly more convenient in
the heavy quark limit to classify states by s, (and m, the parity of the light degrees of
freedom).

In the constituent quark model, the first excited states above the ground states Pg
and Vg would be closely spaced states with relative orbital angular momentum ¢ =1 and
total spin s = 1 and 0 corresponding to the 2571 L states *P, ,*P; Py, and ' P, with
JP =2+ 1% 0%, and 17, respectively. Given this expectation and the empirical evidence,
it is safe to assume that the dynamics of the light degrees of freedom with antiquark

|-

quantum numbers accompanying Q will have a ground state with s;* = 5 (leading to
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Pg and Vo when combined with st = %+) and as their first excitations two closely
spaced states with s7* = %+ and 17 . When combined with Q, these excited states lead to
degenerate ;" = §+ multiplets w:th J¥ = 2% and 17 and degenerate s;* = % multlplets

with JP = 1+ and 0%; we denote the corresponding states by 3 Eg2*,? Eg1t,3 Eql™,
and 2z Eqﬂ+, respectively. The first and last of these states are obviously the states P

and 3 Py, while
3 n 2, 1,
12Eq1™) = +4/ 51 A} + 4/ 31 A) (7a)

|2 Eq1*) = \[IIP: \fl”Pl L (75)

The importance of these linear combinations of axial states was noted by Rosner 20) who
emphasized the separate conservation of SQ and S; in heavy quark systems.

Since SQ generates the heavy quark spin symmetry, it is important to know the action
of Sg on the states Eq. In what follows we will in particular use the relations

3 - 1 2 -
Sy|% Eq2¥(0,2)) = +5 1% Eo2*(0,2)) (8a)
- 1 — -
Sy1F Eq2*(0,1)) = +713 Ee2*(0,1)) - %%Eqﬁ(o,l)) (8)
Sq+|*Eq1(0,1)) =0 (8¢)
and
1 -+ 1 1 =
5817 Eq1*(8,0)) = ~ 7|3 Eq0*(0)) (8d)

where | EqJF{(0,m)) denotes a state at rest with third component of spin m.

3. Weak Form Factors for Py, — Eg; Semileptonic Decays

In this section we discuss the weak form factors that arise in the semileptonic decays .
Pg, — Eg,. Since the heavy quark symmetries relate states of fixed velocities, it is
convenient to define a set of form factors for these transitions which multiply Lorentz
invariants formed from the available polarization tensors and the four velocities v and v'
(instead of the four momenta p and p'). It is also convenient to remove an overall factor
of fmp, mp,, |3 from our meson states which are conventionally normalized to

(X(7",€5)| X (7, €a)) = (27)°2E8pa8°(F ' — F) (9)

although they are labelled by their velocity. With these conventions, the form factors that
can arise in transitions to the s; = % states are

(? Bo,2* (7", )|V | Pou(¥))

n = theyap € v, (v + 0" )P (v — o) (10)
[mEQ_,' meI_ ] z




(% Eq,2*(#",9)| 4, | Po.(¥))

T = ke, v™ + engv®vP [by(v +v'),
[mEQ,‘ mpg, E

+b-(v—1'), ] (11)
and

(%EQJ. 1+('l_’q, E-')|VU|PQ|(1_;))

{mEQ,' mPQ.']%

4 etv® [E%+(v +2'), + &3 _(v - v'),,] (12)

(3 Eq, 1*(#, )| Ay [Pg,(¥))

1
[mEQ,' mPQ.']z

= i§3 €yapy e (v + 0" (v — ') (13)

]

while those for s,=1/2 are
(2 Eq, 1 (¥, )|V, |Po,())
[m'EQ,'mPQ.']%

(%EQ; 1+(t_’q? E)lAVIPQ.‘('E’))

[mEQ, mPQ.‘ ]%

IH

v - v'),,] (14)

(15)

11
-
W)

R
)
=
R
™
-2
L)
*
R
—
]
+
e-
g
T
——
<
|
dl--
e
-2

and

(3 Eq;0* (7")[A, | Po,(¥))

[m.EQj mpqi ]%

(v +v')y +i_(v—2'), (16)

(the vector matrix element for Pg, — 73 Eg,0* vanishes). In Eqns. (10)-(16) we adopt the
conventions €g123 = 1 and €{1) = —%(1,3’,0). The relation of these form factors to the

more conventionally defined ones of Ref. 18 is given in Appendix A. As shown in Ref. 1,
the heavy quark symmetry relations apply to the combinations

(Eq;(¥", )| I/ | Poi(7))
Cji[mEQj MmPpq, ]%

, (17)

which are independent of the masses of the heavy quarks. We begin our derivation of the
heavy quark symmetry relations with the s;=1/2 states. From Eqn. (17) we have that

g1 = Cjiry(w) (18)
where 71(w) is a function of
! * tm - t
w=7v  v= PP =14 — (19)
MEG,; MPg 2mEQ,‘ mPQ.'



which is independent of i and j. Here t, = (mpy, — mE,, )? is the maximum momentum
transfer corresponding to the zero recoil point. We can use the commutation relations of
the weak currents with Sg,1?%) to express all the other s;,=1/2 form factors in terms of
'r%(w) From Eqgn. (8d) and the commutation relations

(Eq,1*(0,0)|A% | Po, (9)) = F(3 Eq, 0% (0)| A% | Po, (7)) (20)
which implies that
iy +U_ = —20_7',"?% (w) . (21)
From the relation . . -
( Bq, 1* (8, )|V |Pg, () = 0 (22)
we have
E%++5%_=0, (23)
while . . 3 . o ..
(3 Eq,1%(0,1)|V{*|Pq.(¥)) = —(7 Eq;17(0,1)|45'| Po,(7)) (24)
gives
E%+ — E%_ = —26'1;,-1'%(1:)) . (25)
Next use ) . - . L
(2 E;1%(0,0)|V{"|Po, (7)) = (7 Eq;07 (0)|Ay'| Pq.()) (26)
which gives X
I% = —(ty —t4_) —w(is + @-). (27)

To complete the determination of the s;=1/2 form factors in terms of the function 71, we
apply the heavy quark velocity superselection rule. Smce in the effective theory only the
components of the field Q; and @Q; with velocities v and v' enter into the matrix elements!®’,

v-vQi = @ (28a)
Qjv-v' =Q; (28b)

so that (v—1v'), contracted against a vector current matrix element and (v+v'), contracted
against an axial vector current matrix element give zero. This constraint is trivial when
applied to (14) but gives two relations when applied to (13) and (15):

]

= —2(1 —w)é (29)

1 1.
2 2

and
(g +d-)=—(#4 —Hd-) . (30)

These two new relations overdetermine the form factors so one of them may be used as a
consistency check. We finally obtain the results shown in Table 1.

The derivation of the form factors relevant io the s;=3/2 states proceeds similarly. In
analogy to Eqn. (18} we first define



(w 4 1)Cjiry(w)

q

(31)

3 2\/5
where 73 is analogous to 71 and where a factor of -‘;—'v% has been added for later convenience.
From
(B, 27(0,2)|47 Po,(7)) = 0
we have

b++b_:0 .

Using Eqn. (8a) and the commutation relation [SE_,J.,A{;"] = -—%Vgi gives

(3 Eq,2+(0,2)| A} | Po.(3)) = — (% Eq,27¥(0,2)|Vi*| Pg, (7))

which means that . _ .
b+ - b_ = —2h .

Using (8b) and [S3;,A'] = —3V{' gives

(3 Eq,2%(0,1)| A} | Po, (7)) = V3(% Eq,11(0,1)|A}'| Pq,(¥))

so that }
k= —2v6§s

From (8b) and [Ssj,V':’f] = i%V‘I we get
g R 1y v - 1F2) 5 +(R 1y v .
(2 Eq;17(0,1)|VY'|Po,(v)) = i (7 Eq;27(0,1){V3'| P.(7))

which gives the two relations

and

I3
2

2
= - g(w2 —1)A,
and from [Séj ,Vgi] o= ——;—Agi we have

V3
2

2 ~ i1 - 2 A i —
(2 Eq,27(0,1)| A7 [Pai(9)) = = (% Eq,1%(0,1)|V"| P, (7))

so that

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)



As before, we finally need to apply heavy quark current conservation which gives the two
relations

E=—(1+w)bs—5) (42)

and

I3 = 2(w—-1)&;_ . (43)

wlw

One is again redundant and may be used as a consistency check on the results displayed
in Table 1.

4. Comparison with a Quark Model Calculation

The results for the fourteen weak transition form factors given in Table 1 are model
independent and hold for any Q; — Q; transition with the same functions 71 and 73 in
the limit mg, > mg, >> Agcp- For any finite mg,,mq, these relations Will receive

a:(me) and

corrections of order The perturbative corrections to the results of
Table 1 are easily included using Q;Q; = v, Q;v*Q;, Q;Qi = —~ v#Qj'y"'ysQ,-, and the
results of Refs. (8) and (21). The physical mechanisms which are the origin of many of the
power corrections are in operation in the constituent quark model and it is consequently
of value to use this phenomenological model as an indicator of the importance of this class
of corrections.

Ageco
mg

To the best of our knowledge, these matrix elements to positive parity excited states
have only been estimated in Ref. 18 using the constituent quark model. Appendix A gives
a translation dictionary between the form factors f of Table 1 and the more convention-
ally defined form factors f of that paper. In the extreme heavy quark limit the model’s
results??) reduce to those of Table 1 near w = 1 (where the model was claimed to be valid
in the weak binding limit) with the identification TL=T3="7T where

F
mgd ﬂPQ‘ﬁEQJ ? mg(w—l) (44)
= TPy ~ o ¢ .
‘\/—G_ﬁPQ‘- ﬂ?’q‘-qu 252ﬁ§"'ql. EQj

(Here mg4 is the light constituent quark mass, 3, is a variational parameter proportional to
the r.m.s. momentum in the meson r, 82, = (32 + ?), and «? is an ad hoc “relativistic
correction factor”. For details see Ref. (18).) Table 2 shows the comparison between the
form factors predicted (near w = 1) in the heavy quark limit and those of this quark model

calculation for b — ¢ transitions.
We see from this comparison that the quark model suggests, as it did for the B — D

and B — D* form factors, that most of these form factors will be close to the heavy quark
symmetry limit. However, examples of deviations (like the intercept of £ 3 ) should serve

as a reminder that Agcp/m. is not a very small expansion parameter. In addition, we
note that the quark model results of Ref. (18) are based on the weak binding limit and so
explicitly exclude corrections of relative order #2/m? (where m? is the product of any two
quark masses). Given that the mass difference between the ** Eg and Pg states (roughly
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500 MeV) is substantial compared to m., conclusions based on Table 2 must be treated
with even more caution than the analogous results for the B — D and B — D* form
factors. Thus, testing the predictions of Table 1 and determining the universal imiting
functions r,, will require the careful study of Agcp/m. corrections (including those which
are not estimated by the quark model) and the extraction from data of those form factors
(or linear combinations of form factors) which are least sensitive to such corrections.

5. A Bjorken Sum Rule

Bjorken has shown!?) that the heavy quark symmetry allows one to derive an analogue
of the Cabibbo-Radicati sum rule?*) and thereby to relate the slope of the universal form
factor {(w) appearing in B — D and B — D* semileptonic decays!) to the rates for
production of inelastic states. His derivation is based on equal time current commutation
relations?®). In this section we rederive this Bjorken sum rule and present an interpretation
of it which we believe is correct beyond the parton model approximation.

The rate for the semileptonic decay Pg, — X, el can be writien in the form

or ,GFmp, [ oX X x
dedy lVQ,'Q;‘ 3972 m‘%’-’q. A(z,y) + By B(z,y) +v G(z,y)) (45)
where with r = m.?xqj /m%_-,q'_,
A(z,y) =y (46a)
B(z,y) =2{2z(1 - r* +y) — 42" —y} (46b)
Gle,y) = ~y(1 - — 4z +3), (46c)

and where z = E./mp, and y = t/m%ql_ ={p— p')z/mf;.q'_ =14 7% - 2rw, with E, the
electron energy and p and p' the momenta of Pg, and Xq,, respectively. In Eqn. (45),
ax,ﬁf+ and 4% are functions of w which expand the hadronic tensor

hﬂfu(w) = Z(PQ-'('E)U?”XP,{ ("3‘,'5))(XP5 ("?! s)lJ;'iilPQ.'(J)) (47)
=—a¥gu+ Y. BX(p+op)ulp+ 0P ) +iv¥ eupe(p + 2 ) (p - 2')°.
o,0'=%

(48)

Bjorken’s sum rule applies to each of the six functions appearing in (48), and also to any
choice for the two currents. Although it is therefore redundant, we will for concreteness
consider the physical case J,{"‘ =Vii- A{f and concentrate on the three functions o, 84+,
and v which enter the rate (45) obtained when we ignore the lepton mass. Explicit formulae
for those three functions in terms of the weak form factors are given in Ref. (18).
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The sum rule is based on the observation that if one sums the rates for all hadronic
final states with masses from TPy, to mp,, + p, then so long as g >> Agcp this inclusive
rate and its associated hadronic tensor can be computed in perturbative QCD, up to
corrections of order Agcp/me,, as an infrared safe heavy quark transition. If on the
other hand we restrict 4 << mg;, then the hadronic tensor for each exclusive channel
could also be computed using the heavy quark effective theory. In the heavy quark limit
mgq — oo, the heavy quarks have well-defined four-velocities and the thresholds of all the
states required to build up the low w inclusive rate coincide at w = 1. So, for w of order
unity we have the sum rule

R (wp) = Y. AE(w) . (49)

quj —mqu <p

At w = 1 only the “elastic” final states Pg, and Vg, will contribute to (49) (giving £(1)=1).
For larger w these “elastic” contributions will fall with their decreasing form factor £(w),
but “inelastic” final states (e.g., those considered in this paper) will be excited. (For finite
heavy quark masses, the thresholds for the inelastic states (where the inelastic state is
being produced at zero recoil) will occur in an inclusive Dalitz plot at a value of momentum

(mrq, ~meq, )"t The

transfer t corresponding to a finite weigstic — 1, where wejastic — 1 =
2mPQ.‘ mPQ,‘

impact of these kinematic effects will be discussed below.)

The sum rule of Eqn. (49) depends on p. However, for Agep << p << mq, it is
appropriate to match on to the effective heavy quark currents to compute both the left
and right hand sides of the sum rule. Thus each side of the equation contains a factor
|Cji(w, p)|* which will cancel out. (On the left hand side this factor arises from pertur-
bative strong interaction corrections to quark decay summed in the leading logarithmic
approximation.} After this cancellation, the left hand side of Eqn. (49) is explicitly g inde-
pendent. The right hand side of the equation, which must therefore also be i independent,
contains two compensaling sources of i dependence: the form factors (e.g., f(w),'r% (w),
and T3 (w)) are p-dependent (for w # 1} since they are defined as matrix elements of cur-
rents 1in the effective theory, but their ¢ dependence is cancelled by the u-dependence of
the limits of the sum.

Table 3 gives ,(8+4, and v for the heavy quark transition @; — @Q; and for the
low-lying resonant states in the heavy quark symmetry Hmit. The form factors required
for tl;ansitions to Py, and Vg, are given in Ref. 1. Those for %EQj 0+,% EQj1+,% Eg, 1t,
and 2 Eqg 2% are from Table 2. In addition, the table shows the result of extending Ref.
(1) to the transitions to the “radial excitations” 8:) and V((??): since V{f is a conserved
current of the effective theory, the function analogous to £(w) for those states must vanish
for w = 1 and so may be written in the form (w—1)£(®(w). In the quark model such states
would arise as radial excitations of the ground state. Here they can be any excited states
whatsoever carrying the quantum numbers s}’ = 1/27 of the ground states. One can also

trivially extend the resulis of this paper to the “radially excited” states with sj* = 1/2+
(n)

or 3/2*: the n'" such state will have the form factors displayed in Table 2 with T1 =Ty
2
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()(sothatr()—

and 73 = 7 71 and ‘r M=, 73). This gives (from the sum rule for any

of aaﬂ++7 Or 7)

1= (25) ke

Mnaa (i) 2
+w-1) > {(“" 5 1)|e<"-’(w)|2+z|r;">(w)|2+(w+1)2|r§"’(w)|2}+.- (50)

n=1

where the ellipsis denotes possible contributions from the inelastic continua and from
1— 1t

resonances with quantum numbers for the light degrees of freedom other than s;* = 3,3,

and 2 3

One can dramatically reduce the number of states contributing to the sum rule by
expanding Eqn. (50) in a power series about w = 1. Keeping terms up to linear order in
(w — 1) gives £(1) = 1 and Bjorken’s sum rule'?) for the “charge radius” p of {(w) defined
by the expansion

fw) =1 p2(w—1) 4. . (51)
The sum rule is
1 Nrax( #) n (
=g+ > (PR 2P ar) + . (52)
n=1

where the ellipsis denotes possible contributions from inelastic continua. (We have already
seen explicitly that the “radial excitations” of Pg, and Vg, make no contribution to (52);
we will see below that there are no other resonant contributions to this sum rule). Note
that the u-dependence of p? is compensated by the cutoff at the excitation energy g of
the sum over resonances (as well as in the possible continuum term represented by the
ellipsis.)

We now show that the states considered in this paper are the only excited resonant
states contributing to Eqn. (52). If a resonance is to contribute, it must be produced in
either an S-wave or a P-wave: otherwise its contribution would be of higher order than
(w —1). I fs(w) is any S-wave formn factor of an excited state, then it must vanish at
least as fast as (w — 1) as w — 1 since all excited states of the light degrees of freedom
are orthogonal to the ground state at w = 1. Thus excited states contributing to the right
hand side of Eqn (52) must have P-wave form factors, i.e., ones proportional to #" in the
frame where ¥ = (. To proceed it is convenient to con51der the heavy quarks to be spmless,

as we may because of the spin symmetry. We then want to know the conditions on sc " for

('™ (&")|5(0 )|3 (0)) to be proportional to #'. There are two possibilities, depending on
whether the heavy quark current is proportional to G"QI Q;: or simply QIQ, In the former

{

case the matrix element of Q;Q; must not vanish as w — 1, which means that the light

degrees of freedom have remained in their ground state: this case corresponds to a P-wave

“elastic” form factor proportional to £{(w). In the latter case s';r‘(ir") must be a P-wave
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state with JE = 17, i.e,, s'f; must be either 1/2% or 3/2%. Thus all new resonant states
contributing to p? are “radial ezcitations” of the states %EQ10+,% EQ11+,% Eq;1%, and
%EQ,.Q'* considered here. In constituent quark models, such states are typically somewhat

more than 1 GeV above the ground state?®).

In the nonrelativistic quark model

A00) =P [ ks @kdun(E) (53)

where ¢, is the radial wavefunction of the n*! radial state with orbital angular momentum

£. In the harmonic oscillator model ‘r(l"')(l) and 1'(;)(1) are indentically zero for n > 1;
2

with other potentials their magnitudes fall rapidly with n due to oscillations in ¢,;. It
would not be unreasonable, therefore, to expect the sum to converge rapidly.

This brings us to the important kinematical consideration mentioned earlier. The
physical thresholds in t for a state Eqg, contributing to Eqn. (52) will be 2mp, (mgqj -

MP,, ) — (szqj - m.‘}:,qj ) below that for the state Pg, . Thus in a given heavy quark tran-

sition @; - @, the decrease of £ as a function of (t,, — ) will not be locally compensated
by the onset of resonance production. However, wherever the production of the states Eg,
occurs in t, the functions 74 (w) and T%(w) can be determined (where w = v . v' with ¢'
the four velocity of the state Eg;) and it is the threshold behaviour of these functions in
w (i.e., near w = 1) that is relevant to the sum rule. Of course as mg — oo all of the
relevant thresholds will oceur in a range of (¢;, — t) which corresponds to an infinitesimal
range of w for the Py, ~+ Pg, process so that for (t,, —t) well above this range the sum
rule would apply directly in the Dalitz plot. In this case the “shift” implied by the above
prescription would be unnecessary.

Given the potential corrections to the heavy quark symmetry limit indicated in Table
2 for B — * E. decays, to test the sum rule (52) it will probably be necessary to adopt
the strategy mentioned earlier of extracting those form factors which are least sensitive
to Agop/m. eflects. From these one can most reliably determine the universal limiting
functions 7,, which are related by the sum rule to the slope of the universal limiting
function £(w).

Finally, we would like to comment on the constant term in Eqn. (52). In the non-
relativistic limit (see Eqn. (44)), 3 << |'.r'%(1)]2 + 2|1-§(1)|2, and the resonant terms give

a radius which reproduces the nonrelativistic radius of the form factor ¢{(w). Thus the 1,
which arises from the Py, — Pg,; and P, — Vg, ground state transitions is a “relativistic
correction”, corresponding to a contribution to an elastic “charge radius” in Pg — Pg of

;—r%g. This term is not present in the analogous Ag, — Ag, form factor (where s; = 0).

Moreover, in the case of a spinless heavy “quark”, the % occurs once again for sy = % and
not for s¢ = 0. We speculate that it can be associated with Zitterbewegung (the origin of
the Darwin term in the hydrogen atom 27)) of the light degrees of freedom by Ar? ~ m;?

which forces a smearing Arf? ~ qu of the heavy quark coordinate to preserve the position
of the center of mass.
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6. Conclusions

Semileptonic B decay appears to be saturated by D,D* and a small (~ 20%) contribu-
tion from either continuum states or excited resonances!?). In this paper we have completed
the heavy quark symmetry predictions for the resonance production forin factors which
are likely to be seen in B decays by adding to the results of Ref. 1 the predictions for the
positive parity excited charmed mesons which lie about 500 MeV above the D and D*. We
have also discussed the interpretation of perturbative strong interaction corrections to a
sum rule suggested by Bjorken, shown that the resonances contributing to the sum rule are
all of the type considered here, and discussed the application of the sum rule in realistic
circumstances.
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Appendix A: relationship between the form factors f of the text and conven-
tionally defined form factors f.

The Lorentz invariant form factors f of the text are defined as coefficients of kine-
matic invariants formed out of polarization tensors and the four velocities v and v’, as
is appropriate to the hea.vy quark symmetry limit. They also have a trivial kinematical
factor of [mg, mp,, |3 divided out. If this factor is multiplied back into Eqns. (10)-(16)

and if factors of mp,, and mEp,, are inserted to turn v and v' into p and p’, then the

form factors f will be converted into the more conventionally defined form factors f of
Ref. (18). The relation between these form factors may be expressed in the form

Y = mEJQf? II?fa (Al)
where n; and n; are the integers given in Table 4. For the 1t states one must in addition

make use of Eqns. (7).

Since Ref. (18) quotes only the form factors which contribute in the limit of zero lepton
masses, we quote here in the notation of that paper the additional formulae required to
complete a comparison with that constituent quark model calculation:

mifx mqf33
by +b. = F, d - =X A2
+ 74\/§mqmbrﬁ.gﬁ% 2mBﬁ§;X] (42)
uy +u_ = F5 ﬁB (A43)
My mquﬂ%
ey —c.. = F e A4
* ®2m.fs 2mxu—ﬂfgx] (44)
2
sy —s_ = Fy—_2 mamglp (A5)

\/_mqﬁs[  2mxpsBhx
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Table 1: the weak form factors for semileptonic B decay to excited charmed mesons

B

B G2

form factor

U4 +?1_
‘£L_|_ —ﬂ_
L

4+ T Y-
£+ = &4
i

h

koo

by +b-
by — b
i

2

C%+ +C%_
a

value in units of Cj;7,, (w)

-2
+2
+2(w — 1)
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Table 2: comparison of the predictions of the heavy quark symmetry with those of

a quark model near zero recoil as a measure of the importance of a class of Agep/mg
corrections in b — ¢ transitions; for this comparison we have set x = 1 in the Ref. (18)

results (see Ref. (23)) and set t,, — 1 = 2mpmx(w —1).

form factor

o
Gy — i
Iy
2

heavy quark symmetry
(in units Cj;7y, (1))

-2
+2
0+ 2(w—1)

0

19

Ref. (18) results
(in units (1))

—2(0.92)

+2(1.08)

~0.02 + 2(1.06)(w — 1)
+0.13

—2(1.13)

+1{0.99)

+14/3(1.13)
+2+/3(0.92)

+0.06

—+/3(0.98)

—0.75 — v/2(1.06)(w — 1)
~2/2(0.91)
—1v2(1.02)

—3+/2(1.18)



Table 3: contributions to the hadronic tensor using the notation e = (w—1),5 = (w+1)/2,

o = {r? — 2rw + 1)/4r and § = [2rw? — (1 +4r + r?)w + 2(1 + r2)]/2r.

transition

Qi — Q;

PQ-‘ - 'PQj

Pg, — VQ;‘
iEq,0%

%%;b—a C5* Bt O3y

4rw 2 2

0 (7 + o]I¢|? 0
4rwnl¢|® [n — oli¢l? 2nl¢|®

0 [2¢ + 40]]1‘,} 12 0

8rwe|ry 12 [2¢ — 40]|7, |2 4e|Ty 2 |
4rwnze|‘r% |2 2n[w? -1 - ¢5]|'r%|2 2qze|'r%|2
12rwn’e|ry|? 2n(w? — 14 8|73 f? bn’e|rs |
0 [+ o)e?| €V 0

drwne? ™) |? [n — o]t} 2ne? (P
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Table 4: the integers nj and n; of Eqn. (Al).

= et '~1-"

a oo

]

nj 4
+1 +3
-1 +1
-1 +5
+1 +3
-1 -1
-1 +3
+1 +1
+1 +1
—1 +1
+1 -1
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